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On the basis of quant-ph/0405028 we define the Larmor times for transmission and reflection.
These times are valid both for the stationary and time-dependent scattering processes, without any
restrictions on the shape of Gaussian-like wave packets. We show that in the stationary case both
the Larmor times coincide with the corresponding dwell times obtained in quant-ph/0502073. The
Larmor-time concept gives the way to verify the approach presented in quant-ph/0405028.
PACS numbers: 03.65.Ca, 03.65.Xp
I. INTRODUCTION
By our approach (see [1]) the state of the quan-
tum ensemble of identically prepared particles tunneling
through a symmetrical time-independent potential bar-
rier represents a coherent superposition of two states:
that of particles which are finally transmitted through
the barrier, and that of particles which are finally re-
flected by it. This is valid for any stage of this scattering
process. For a given symmetrical potential barrier and
initial state of the whole ensemble of particles there is
an unique pair of solutions to the Schro¨dinger equation,
which describe the coherently evolved alternative sub-
processes, transmission and reflection.
Note, the fact that the above decomposition is valid,
in particular, for the first stage of scattering does not at
all mean that the future of a starting particle is predeter-
mined in our approach. Of course, this is not the case.
The knowledge of the wave functions for transmission and
reflection does not permit us to predict the behavior of
one particle in one experiment. As regards the subensem-
bles of transmitted and reflected particles, their history
has a deterministic character and, thereby, is predictable.
This agrees entirely with the basic principles of quantum
mechanics.
Our approach opens new possibilities in solving the
so-called tunneling time problem to have been of great
controversy for the last decades. In [1] we have intro-
duced the so-called (exact and asymptotic) group tun-
neling times for transmission and reflection, and in [2] we
have defined the dwell times for these two sub-processes.
These time concepts supplement each other. The group
tunneling times for transmission an reflection are for-
mally valid in the general case. However, in fact they
more fit only for timing a particle in a well-localized state.
As regards sufficiently wide (in x-space) wave packets,
the corresponding expectation value of the particle’s po-
sition is badly defined. Moreover, in this case, reflected
particles do not enter, on the average, into the barrier
region. Thus, the exact group reflection time is zero in
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this case, what is evident to be a very rough description
of the reflection process.
In the case of infinitely wide wave packets, the time
spent by a particle in the barrier region is described
by the dwell time. However, this time concept, too,
has shortcomings: 1) it has been introduced intuitively,
rather than from the first principles; 2) and, besides, it
is valid only for the stationary scattering problem.
In addition to the above, there is once more shortcom-
ing to be common both for the group and dwell time
concepts: they do not give the way of measuring the
above tunneling times for transmission and reflection.
The first concept does not give the way of measuring
the (average) time of entering to-be-transmitted (or to-
be-reflected) particles in the barrier region. Similarly,
the second one does not suggest the way of how experi-
mentally to extract the information about the individual
properties of the subensembles of to-be-transmitted or
to-be-reflected particles in the barrier region.
It is evident that to distinguish to-be-transmitted and
to-be-reflected particles is impossible. In order to mea-
sure the (average) times spent by the subensembles of
transmitted and reflected particles in the barrier region,
we have to place measuring detectors far from the bar-
rier region. Perhaps, the most suitable physical effect
which can be assumed as a basis for such measurements
is the Larmor precession of the particle’s spin, in a weak
magnetic field confined to the barrier region.
As is known, the idea to use the Larmor precession as
clocks was proposed by Baz’ [3] and developed later by
Rybachenko [4] and Bu¨ttiker [5] (see also [6, 7]). Our
aim is to define the Larmor times for transmission and
reflection, on the basis of the wave functions found in
[1]. Besides, we consider, of great importance for un-
derstanding the tunneling phenomenon is to answer the
questions posed in [6]. One of them concerns the appear-
ance of a superluminal transmission of a particle through
sufficiently opaque and wide potential barriers (the Hart-
man effect). Another question relates to the influence of
the magnetic field confined to a spatial region behind the
barrier, on the spin of reflected particles.
Apart from these two question one has to explain the
effect found by Bu¨ttiker (see [5]). He showed that the
magnetic field aligns the particle’s spin with the field.
This result is evident to be paradoxical too. For the oper-
2ator of the spin z-component commutes with the Hamil-
tonian in this problem. The expectation value of this
operator should be constant individually both for trans-
mitted and reflected particles.
We have to stress once more (see [1]) that averaging
any observable (and the well-known Born’s formula for
the expectation values) has a physical sense only for the
so-called ”elementary” states, which cannot be decom-
posed onto macroscopically distinguishable ones. The
notion of the integrals of motion is valid, too, only for
”elementary” states. In the case considered the states of
the subensembles of transmitted and reflected particles
are just the states of such kind. As regards averaging
over the combined state of the whole ensemble of tunnel-
ing particles, this procedure is meaningless for it. Just
calculating the ”expectation values” of physical quanti-
ties, for ”combined” states, leads to paradoxes.
II. TUNNELING A SPINNING PARTICLE
THROUGH A SYMMETRICAL FINITE
POTENTIAL BARRIER: SETTING THE
PROBLEM
Let us consider the quantum ensemble of electrons
moving along the x-axis and interacting with the sym-
metrical time-independent potential barrier V (x) and
small magnetic field (parallel to the z-axis) confined to
the finite spatial interval [a, b] (a > 0); V (x − xc) =
V (xc − x); xc = (b+ a)/2; d = b− a is the barrier width.
Let this ensemble be a mixture of two parts. One of them
consists from electrons with spin parallel to the magnetic
field. Another is formed from particles with spin down.
Let at t = 0 the state of this mixture is described by
the spinor
Ψ
(0)
full(x) =
1√
2
(
1
1
)
ψ
(0)
full(x), (1)
where ψ
(0)
full(x) is a normalized function. Without loss of
generality we will suppose that
< ψ
(0)
full|xˆ|ψ(0)full >= 0, < ψ(0)full|pˆ|ψ(0)full >= ~k0 > 0,
< ψ
(0)
full|xˆ2|ψ(0)full >= l20,
here l0 is the wave-packet’s half-width at t = 0 (l0 << a);
xˆ and pˆ are the operators of the particle’s position and
momentum, respectively.
So, we will consider the case, when the initial spin co-
herent state (1) is the engine state of σx with the eigen-
value 1 (the average spin of the ensemble of incident par-
ticles is oriented along the x-direction); hereinafter, σx,
σy and σz are the Pauli spin matrices.
For electrons with spin up (down), the potential barrier
effectively decreases (increases), in height, by the value
~ωL/2; here ωL is the frequency of the Larmor preces-
sion; ωL = 2µB/~, µ denotes the magnetic moment. The
corresponding Hamiltonian has the following form,
Hˆ =
pˆ2
2m
+ V (x) − ~ωL
2
σz , if x ∈ [a, b];
Hˆ =
pˆ2
2m
, otherwise; (2)
here m is the mass of a particle. For t > 0, due to the
influence of the magnetic field, the states of particles with
spin up and down become different. The probability to
pass the barrier is different for them. Let for any value
of t the spinor to describe the state of particles read as
Ψfull(x, t) =
1√
2
(
ψ
(↑)
full(x, t)
ψ
(↓)
full(x, t)
)
. (3)
In accordance with [1], each of these two spinor com-
ponents can be uniquely presented as a coherent super-
position of two probability fields to describe transmission
and reflection:
ψ
(↑)
full(x, t) = ψ
(↑)
tr (x, t) + ψ
(↑)
ref (x, t);
ψ
(↓)
full(x, t) = ψ
(↓)
tr (x, t) + ψ
(↓)
ref (x, t). (4)
(remind (see [1]) that ψref (x, t) ≡ 0 for x ≥ xc). As
a consequence, the same decomposition takes place for
spinor (3):
Ψfull(x, t) = Ψtr(x, t) + Ψref (x, t). (5)
We will suppose that all the wave functions for transmis-
sion and reflection are known. It is important to stress
here (see [1]) that
< ψ
(↑↓)
full(x, t)|ψ(↑↓)full(x, t) >= T (↑↓) +R(↑↓) = 1 (6)
where
T (↑↓) =< ψ
(↑↓)
tr (x, t)|ψ(↑↓)tr (x, t) >= const; (7)
R(↑↓) =< ψ
(↑↓)
ref (x, t)|ψ(↑↓)ref (x, t) >= const; (8)
T (↑↓) and R(↑↓) are the (real) transmission and reflec-
tion coefficients, respectively, for particles with spin up
(↑) and down (↓). Let further T = (T (↑) + T (↓))/2 and
R = (R(↑) + R(↓))/2 be quantities to describe the whole
ensemble of particles.
III. TIME EVOLUTION OF THE SPIN
POLARIZATION OF TUNNELING PARTICLES
To study the time evolution of the average particle’s
spin, we have to find the expectation values of the spin
projections Sˆx, Sˆy and Sˆz . Note, for any t
< Sˆx >full≡ ~
2
sin(θfull) cos(φfull)
= ~ · ℜ(< ψ(↑)full|ψ(↓)full >); (9)
3< Sˆy >full≡ ~
2
sin(θfull) sin(φfull)
= ~ · ℑ(< ψ(↑)full|ψ(↓)full >); (10)
< Sˆz >full≡ ~
2
cos(θfull)
=
~
2
[
< ψ
(↑)
full|ψ(↑)full > − < ψ(↓)full|ψ(↓)full >
]
. (11)
Similar expressions are valid for transmission and reflec-
tion:
< Sˆx >tr=
~
T
ℜ(< ψ(↑)tr |ψ(↓)tr >); (12)
< Sˆy >tr=
~
T
ℑ(< ψ(↑)tr |ψ(↓)tr >); (13)
< Sˆz >tr=
~
2T
(
< ψ
(↑)
tr |ψ(↑)tr > − < ψ(↓)tr |ψ(↓)tr >
)
; (14)
< Sˆx >ref=
~
R
ℜ(< ψ(↑)ref |ψ(↓)ref >); (15)
< Sˆy >ref=
~
R
ℑ(< ψ(↑)ref |ψ(↓)ref >); (16)
< Sˆz >ref=
~
2R
(
< ψ
(↑)
ref |ψ(↑)ref > − < ψ(↓)ref |ψ(↓)ref >
)
.(17)
Note, at t = 0, for spinor (1), θfull = pi/2, φfull = 0.
However, this is not the case for transmission and reflec-
tion. Namely, at t = 0 we have
φ
(0)
tr = arctan
(
ℑ(< ψ(↑)tr (x, 0)|ψ(↓)tr (x, 0) >)
ℜ(< ψ(↑)tr (x, 0)|ψ(↓)tr (x, 0) >)
)
; (18)
θ
(0)
tr = arccos
(
< ψ
(↑)
tr (x, 0)|ψ(↑)tr (x, 0) >
− < ψ(↓)tr (x, 0)|ψ(↓)tr (x, 0) >
)
; (19)
φ
(0)
ref = arctan
(
ℑ(< ψ(↑)ref (x, 0)|ψ(↓)ref (x, 0) >)
ℜ(< ψ(↑)ref (x, 0)|ψ(↓)ref (x, 0) >)
)
; (20)
θ
(0)
ref = arccos
(
< ψ
(↑)
ref (x, 0)|ψ(↑)ref (x, 0) >
− < ψ(↓)ref (x, 0)|ψ(↓)ref (x, 0) >
)
. (21)
Since the norms of ψ
(↑)
tr (x, t), ψ
(↓)
tr (x, t), ψ
(↑)
ref (x, t) and
ψ
(↓)
ref (x, t) are constant, θtr(t) = θ
(0)
tr and θref (t) = θ
(0)
ref
for any value of t. For the (constant) z-components of
spin we have
< Sˆz >tr (t) = ~
T (↑) − T (↓)
2T
;
< Sˆz >ref (t) = ~
R(↑) −R(↓)
2R
. (22)
By our approach, the assertion made in [5, 7] that the
magnetic field aligns the particle’s spin with the field is
incorrect. We see that the influence of the magnetic field
on spin is twofold. Firstly, it causes the Larmor preces-
sion. Secondly, it disturbs the balance between transmit-
ted and reflected particles with the up and down spins.
As a result, transmitted and reflected particles possess
a nonzero z-component of the average spin, though for
the case considered it is zero for the whole ensemble of
particles. However, we have to stress that the ensem-
ble of transmitted (reflected) particles has the constant
value of < Sˆz >tr (t) (< Sˆz >ref (t)) in the course of
its (deterministic) motion. This spin component must be
constant, because the operator Sˆz commutes with Hamil-
tonian (2) (we have here to bear in mind that the indi-
vidual probability fields for transmission and reflection,
though superposed, evolve independently each other).
To answer the question posed in [6], we have to pay
reader’s attention on the following. As is seen from the
above, of no importance is where the magnetic field is
localized: switching on the infinitesimal magnetic field,
in any spatial region, must change simultaneously the
average spin of transmitted and reflected particles.
IV. LARMOR PRECESSION UNDER THE
INFINITESIMAL MAGNETIC FIELD CONFINED
TO THE BARRIER REGION
So, the only effect caused by the magnetic field in this
scattering process is the Larmor precession of the average
particle’s spin. And our next step is to use these ”clocks”
in order to define the time spent by particles in the barrier
region. In doing so, we have to take into account that
the initial position of the clock-pointer is not zero.
Following [5, 7] we will suppose that the applied mag-
netic field is infinitesimal. Our first step is to find the
derivations dφtr/dt and dφref/dt. For this purpose we
will use the Ehrenfest equations for the average spin of
particles. One can show that
d < Sˆx >tr
dt
= −~ωL
∫ b
a
ℑ[(ψ(↑)tr (x, t))∗ψ(↓)tr (x, t)]dx
d < Sˆy >tr
dt
= ~ωL
∫ b
a
ℜ[(ψ(↑)tr (x, t))∗ψ(↓)tr (x, t)]dx (23)
d < Sˆx >ref
dt
= −~ωL
∫ xc
a
ℑ[(ψ(↑)ref (x, t))∗ψ(↓)ref (x, t)]dx
4d < Sˆy >ref
dt
= ~ωL
∫ xc
a
ℜ[(ψ(↑)ref (x, t))∗ψ(↓)ref (x, t)]dx.
Note,
φtr = arctan
(
< Sˆy >tr
< Sˆx >tr
)
, φref = arctan
(
< Sˆy >ref
< Sˆx >ref
)
Hence
dφtr
dt
=
d<Sˆy>tr
dt < Sˆx >tr − d<Sˆx>trdt < Sˆy >tr
< Sˆx >2tr + < Sˆy >
2
tr
.
The same expression takes place for reflection.
However, in the case of the initial condition chosen and
infinitesimal magnetic field, when
| < Sˆy >tr |
| < Sˆx >tr |
≪ 1 and | < Sˆy >ref || < Sˆx >ref |
≪ 1,
these expressions are essentially simplified —
dφtr
dt
=
1
< Sˆx >tr
· d < Sˆy >tr
dt
;
dφref
dt
=
1
< Sˆx >ref
· d < Sˆy >ref
dt
.
Considering Exps. (12)-(17) and (23), we obtain
dφtr
dt
= ωL
∫ b
a
ℜ[(ψ(↑)tr (x, t))∗ψ(↓)tr (x, t)]dx∫∞
−∞
ℜ[(ψ(↑)tr (x, t))∗ψ(↓)tr (x, t)]dx
;
dφref
dt
= ωL
∫ xc
a
ℜ[(ψ(↑)ref (x, t))∗ψ(↓)ref (x, t)]dx∫ xc
−∞
ℜ[(ψ(↑)ref (x, t))∗ψ(↓)ref (x, t)]dx
.
Or, taking into account that in the first order ap-
proximation, for the infinitesimal magnetic field, when
ψ
(↑)
tr (x, t) = ψ
(↓)
tr (x, t) = ψtr(x, t) and ψ
(↑)
ref (x, t) =
ψ
(↓)
ref (x, t) = ψref (x, t), we have
dφtr
dt
≈ ωL
∫ b
a |ψtr(x, t)|2dx∫∞
−∞
|ψtr(x, t))|2dx
> 0;
dφref
dt
≈ ωL
∫ xc
a
|ψref (x, t)|2dx∫ xc
−∞
|ψref (x, t)|2dx
> 0.
As is seen, the clocks chosen operate properly: their
clock-pointers rotate in one direction.
As is supposed in our setting the problem, both at
the initial and final moments of time the ensemble of
particles does not interact with the potential barrier and
magnetic field. In this case, without loss of exactness, the
angles of rotation (∆φtr and ∆φref ) of spin under the
magnetic field, in the course of a completed scattering,
can be written in the form,
∆φtr =
ωL
T
∫ ∞
−∞
dt
∫ b
a
dx|ψtr(x, t)|2 (24)
∆φref =
ωL
R
∫ ∞
−∞
dt
∫ xc
a
dx|ψref (x, t)|2. (25)
On the other hand, we have to bear in mind that the
times spent, on the average, by transmitted an reflected
particles in the barrier region are finite. Let τLtr and τ
L
ref
be the corresponding times for transmission and reflec-
tion. Thus, ∆φtr = ωLτ
L
tr and ∆φeef = ωLτ
L
ref . Com-
paring these expressions with (24) and (25), respectively,
we eventually obtain
τLtr =
1
T
∫ ∞
−∞
dt
∫ b
a
dx|ψtr(x, t)|2 (26)
τLref =
1
R
∫ ∞
−∞
dt
∫ xc
a
dx|ψref (x, t)|2. (27)
These are just the searched-for definitions of the Larmor
times for transmission and reflection.
Unlike the group and dwell time concepts, the Larmor-
time concept gives the basis to verify our formalism. In-
deed, let for the above setting the problem we have mea-
sured the spin of transmitted particles. Let the azimuthal
angle φtr(t) at t→∞ be φ(∞)tr . By our approach, the fi-
nal angle should be equal to φ
(∞)
tr = φ
(0)
tr + ∆φtr (see
Exps. (18) and (24)).
As is seen, there is the problem to distinguish the in-
puts φ
(0)
tr and ∆φtr . However, one can show, for example,
that in the case of tunneling a particle through an opaque
rectangular potential barrier (just where the so-called
Hartman effect ”appears’) |φ(0)tr | ≪ ∆φref ≪ ∆φtr.
Thus, this case is most suitable and interesting for check-
ing the above expressions for the Larmor times.
V. CONNECTION BETWEEN THE LARMOR
AND DWELL TIMES
Note firstly that Exps. (26) and (27) for the Lar-
mor times coincide by form with those obtained in the
known approaches (see, e.g., [6, 8, 9, 10, 11, 12]) as the
dwell times. However, there are deep differences between
the known dwell-time concepts and Larmor times pre-
sented here. Namely, 1) our Larmor times distinguish
between transmitted an reflected particles; 2) they are
exact, rather than asymptotic values; 3) they were de-
rived for any incident Gaussian-like wave packets, which
may contain harmonics with the zero momentum; 4) un-
like the known times for transmission and reflection, they
are real and non-negative.
5Let us now display the connection between Larmor
time (26), (27) and the dwell times derived in [2]. Let us
consider the case of transmission. For this purpose let us
write down the wave function ψtr(x, t) in the form
ψtr(x, t) =
1√
2pi
∫ ∞
−∞
A(k)ψtr(x, k)e
−iE(k)t/~dk, (28)
where E(k) = ~2k2/2m; ψtr(x, k) is the stationary
wave function for transmission (see [1]); A(k) is a real
Gaussian-like function.
Let us transform the integral in (26),
I =
∫ ∞
−∞
dt
∫ b
a
dx|ψtr(x, t)|2.
Considering Exp. (28) and integrating on t, we obtain
I =
~
pi
∫ ∞
−∞
dk′dkA(k′)A(k)
∫ b
a
dxψ∗tr(x, k
′)ψtr(x, k)
× lim
∆t→∞
sin[(E(k′)− E(k))∆t/~]
E(k′)− E(k) .
However,
lim
∆t→∞
sin[(E(k′)− E(k))∆t/~]
E(k′)− E(k) =
pi
~
δ[(E(k′)− E(k))/~]
=
pim
~2k
[δ(k′ − k)− δ(k′ + k)] .
Hence
I =
m
~
∫ ∞
−∞
dk
A(k)
k
∫ b
a
dx
[
A(k)ψ∗tr(x, k)
−A(−k)ψ∗tr(x,−k)
]
ψtr(x, k). (29)
The integrand in this expression is evident to be non-
singular at k = 0.
Let us consider the stationary case: A(k) = δ(k − k0)
(note, k0 > 0). Then
I =
m
~k0
∫ b
a
dx|ψtr(x, k0)|2.
And, lastly, substituting this expression in (26), we ob-
tain
τLtr =
m
~k0T
∫ b
a
dx|ψtr(x, k0)|2.
However, this is just the dwell time for transmission ([1]).
In the same way one can show that in the stationary
case the Larmor and dwell times for reflection are equal
too:
τLref =
m
~k0R
∫ xc
a
dx|ψref (x, k0)|2.
VI. CONCLUSION
We have introduced the Larmor times to be valid for
any symmetrical finite potential barriers and Gaussian-
like wave packets. The Larmor-time concept presented
differs from the known analogs. We show that in the case
of the stationary tunneling problem the Larmor times
coincide with the dwell times obtained in our previous
paper. The formalism presented can be, in principle,
verified experimentally.
For example, it is very important to measure the Lar-
mor times for particles tunneling through an opaque rect-
angular barrier. By our approach, in this case the Larmor
time for transmission should be very large, in comparison
with the predictions of other approaches.
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